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Abstract
We recast the problem of infinite neutral nonrelativistic matter inter-
acting via U(1) gauge fields in the hydrodynamic language. We treat the
nuclei as being spinless bosons for simplicity(for example in He4). We
write down the formal action in terms of a full set of independent hy-
drodynamic gauge invariant variables. The claim is that the results of
this theory are nonperturbative and nuclei and electrons are treated on
an equal footing.
1 The Theory
Consider the action for neutral matter composed of electrons and nuclei which
we assume are all spin-zero point particles.
S =
∑
σ
∫
ψ†e(xσ)
(
i
∂
∂t
+
∇2
2me
)
ψe(xσ) +
∫
ψ
†
N (x)
(
i
∂
∂t
+
∇2
2MN
)
ψN (x)
(1)
Here
∫
=
∫ −iβ
0
dt
∫
d3x. We want this to be invariant under gauge transforma-
tions.
ψe(xσ)→ e−ieθ(x) ψe(xσ) (2)
ψN (x)→ eiZNeθ(x) ψN (x) (3)
Thus we have to couple to gauge fields. The invariant action with gauge fields
reads as follows.
S =
∫
ψ†e
(
i∂t + eφ−
(−i∇+ e
c
A)2
2me
)
ψe+
∫
ψ
†
N
(
i∂t − ZNe φ−
(−i∇− ZN ec A)2
2MN
)
ψN
− e
mec
∫
B · ψ†e S ψe −
∫
1
4
F 2 (4)
1
Thus in addition we have to perform the replacements,
A0 → A0 + ∂tθ (5)
A→ A+∇θ (6)
Now we polar decompose the fields,
ψe = e
iΦee−iΠe
√
ρe ; ψN = e
−iΠN√ρN (7)
We further postulate that ∇Φe = 0, this aditional phase reflects the fermionic
character of ψe.
S =
∫ √
ρe
(
Ce − ∂tΦe + ∇
2 −C2e + i(∇ ·Ce) + 2iCe · ∇
2me
)√
ρe
+
∫ √
ρN
(
−ZN CN + ∇
2 − Z2NC2N − iZN(∇ ·CN)− 2iZNCN · ∇
2MN
)√
ρN
− e
mec
∫
B ·
√
ρe(xβ)e
iΠe(xβ)e−iΦe(xβ) Sβα e
iΦe(xα)e−iΠe(xα)
√
ρe(xα)
+
∫
1
2
(E2 +B2) (8)
eφ+ ∂tΠe = Ce (9)
∂tΠN − ZNe φ = −ZN CN (10)
−∇Πe + e
c
A = Ce (11)
−∇ΠN − ZN e
c
A = −ZNCN (12)
E = −∇φ− 1
c
∂A
∂t
(13)
B = ∇×A (14)
−ZN∇Πe −∇ΠN = ZNCe − ZNCN (15)
ZN∂tΠe + ∂tΠN = ZNCe − ZNCN (16)
−ZN∇∂tΠe −∇∂tΠN = ZN∂tCe − ZN∂tCN (17)
ZN∂t∇Πe + ∂t∇ΠN = ZN∇Ce − ZN∇CN (18)
2
S =
∫ ρeCe − ρe∂tΦe −
(∇ρe)
2
4ρe
+ ρeC
2
e
2me


+
∫ −ρN ZN CN −
(∇ρN )
2
4ρN
+ ρNZ
2
NC
2
N
2MN


− e
mec
∫
B·ρe(xα) Sαα− e
mec
∫
B·
√
ρe(xα¯)e
i(Πe(xα¯)−Πe(xα))ei(Φe(xα)−Φe(xα¯)) Sα¯α
√
ρe(xα)
+
∫
1
2
(E2 +B2) (19)
0 = ∂tCe − ∂tCN +∇Ce −∇CN (20)
e
c
B = ∇×CN (21)
eE = −∂tCN −∇CN (22)
∂tΠe(xα¯)− ∂tΠe(xα) = Ce(xα¯)− Ce(xα) (23)
We may now write in terms of the Matsubara frequencies,
Πe(xα¯, t)−Πe(xα, t) =
∑
n
eznt
Ce(xα¯, zn)− Ce(xα, zn)
zn
(24)
Ce(xα, t) = CN (x, t)−
∑
n
eznt
zn
(∇Ce(xα, zn)−∇CN (x, zn)) (25)
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Therefore the effective action in terms of the independent gauge invariants
reads as follows :
S =
∫ ρeCe − ρe∂tΦe −
(∇ρe)
2
4ρe
+ ρe(CN (x, t)−
∑
n
eznt
zn
(∇Ce(xα, zn)−∇CN (x, zn)))2
2me


+
∫ −ZN ρNCN −
(∇ρN )
2
4ρN
+ ρNZ
2
NC
2
N
2MN


− 1
me
∫
∇×CN · ρe(xα) Sαα
− 1
me
∫
∇×CN ·
√
ρe(xα¯)e
i
∑
n
eznt
Ce(xα¯,zn)−Ce(xα,zn)
zn ei(Φe(xα)−Φe(xα¯)) Sα¯α
√
ρe(xα)
+
∫
1
2e2
[
(∂tCN +∇CN )2 + c2 (∇×CN )2
]
(26)
where the fermionic phase functional is given by
Φe([ρ];xα) =
∑
q,n
ρ−q,−n,α C(q, α, n) e
iq.xeznt (27)
βzn C(q, α, n) =
1
2 〈ρqα,nρ−qα,−n〉0
− (2m)βz
2
n
2N0q2
− βq
2
2N0(2m)
(28)
where 〈ρqα,nρ−qα,−n〉0 is the density-density correlation function of the nonin-
teracting Fermi (electron) theory.
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